Introduction
The study of stability problems for functional equations originates from a question of Ulam [40] concerning the stability of group homomorphisms, affirmatively answered by Hyers [8] and further generalized by Aoki [1] for additive mappings and by Rassias [34] for linear mappings. For some information on Hyers-Ulam-Rassias stability for different functional equations the interested reader is referred to [7, 9, 10, 13, 17, 37] .
In the recent papers [2] , [23] - [30] the stability in the settings of probabilistic and fuzzy normed spaces is studied. Radu [33] pointed out that a fixed point alternative method can be successfully used to solve the Ulam problem. The fixed point method in the study of the probabilistic stability of functional equations firstly appears in [25] (see also [28] ). In this paper we employ this method to investigate the stability of the cubic and quartic functional equations in Menger probabilistic ϕ-normed spaces introduced by Goleţ in [11] .
A Let ϕ be a function defined on the real field R into itself, with the following properties:
(a) ϕ(−t) = ϕ(t) for every t ∈ R; Examples of such functions are:
Ò Ø ÓÒ 1.2º ([11] ) A Menger probabilistic ϕ-normed space is a triple (X, ν, T ), where X is a real vector space, T is a continuous t-norm, and ν is a from X into D + such that the following conditions hold:
) for all x in X, α = 0 and t > 0; (PN3) ν x+y (t + s) ≥ T (ν x (t), ν y (s)) for all x, y ∈ X and t, s ≥ 0.
We note that if ϕ(t) = |t| one obtains the definition of a random normed space (RN space) or Menger probabilistic normed space, see [38] . An important example is given by the triple (X, ν, T M ), where (X, · ) is a normed space and
is a complete system of neighborhoods of null vector for linear topology τ on X generated by the ϕ-norm ν.
Ò Ø ÓÒ 1.3º Let (X, ν, T ) be a Menger probabilistic ϕ-normed space.
(i) A sequence {x n } in X is said to be convergent to x in X in the topology τ if for every t > 0 and ε > 0, there exists positive integer N such that
(ii) A sequence {x n } in X is called Cauchy if for every t > 0 and ε > 0, there exists positive integer N such that
(iii) A Menger probabilistic ϕ-normed space (X, ν, T ) is said to be complete if every Cauchy sequence in X is convergent to a point in X.
The notion of generalized metric space has been introduced by Luxemburg in [22] , by allowing the value +∞ for the distance mapping. The following lemma (Luxemburg-Jung theorem) will be used in the proof of Theorem 2.1. 
Ä ÑÑ
Let X be a linear space, (Y, ν, T M ) be a complete Menger probabilistic ϕ-normed space and G be a mapping from
for all x ∈ X and t > 0 where, as usual, inf φ = +∞. The following lemma can be proved as in [23] :
Ä ÑÑ 1.5º (cf. [23, 25] ) d G is a complete generalized metric on E.
Probabilistic stability of the equation
Our first result is the following stability theorem in random ϕ-normed spaces:
Ì ÓÖ Ñ 2.1º Let X be a real linear space, a, b ∈ R, a = 0, f be a mapping from X into a complete Menger probabilistic ϕ-normed space (Y, ν, T M ) with f (0) = 0 and let G : X → D + be a mapping with the property
Moreover,
for all x ∈ X and t > 0 .
By Lemma 1.5, (E, d G ) is a complete generalized metric space. Now, let us consider the linear mapping J :
We show that J is a strictly contractive self-mapping of E with the Lipschitz
.
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This means that
Using the Luxemburg-Jung theorem (Lemma 1.4), we deduce the existence of a fixed point of J, that is, the existence of a mapping
Since for any x ∈ X and t > 0,
The uniqueness of g follows from the fact that g is the unique fixed point of J with the property: there is C ∈ (0, ∞) such that ν g(x)−f (x) (Ct) ≥ G(x, t) for all x ∈ X and t > 0.
Remark 2.2º
For a similar result in the setting of Menger spaces, the reader is referred to the paper [26] .
Probabilistic stability for the Jensen, quadratic, cubic and quartic functional equations
In the following we will appeal to Theorem 2.1 in order to prove the probabilistic stability for the Jensen, the quadratic, cubic and quartic functional equations.
Recall that the functional equation
is called Jensen functional equation. A mapping f between two linear spaces with f (0) = 0 satisfies the Jensen equation if and only if it is additive; cf. [32] .
Stability of Jensen equation has been studied at first by Kominek [21] and then by several other mathematicians, see [4] , [16] and references therein. The functional equation
is called a cubic functional equation since the function f (x) = cx 3 is a solution. Every solution of the cubic functional equation is said to be a cubic mapping. The stability problem for the cubic functional equation was firstly considered in [12] for mappings f : X → Y , where X is a real normed space and Y is a Banach space. Later, a number of mathematicians have worked on the stability of some types of the cubic equation [14, 34] .
The functional equation
is called a quadratic functional equation. F. Skof [39] was the first one who investigated the stability of this equation. She showed that, if f is a mapping from a normed space X into a Banach space 
and lim
Suppose that f : X → Y has the properties: f (0) = 0 and
Then there exists a unique additive mapping g : X → Y such that
where
P r o o f. By setting y = 0 in (3.7) we obtain that
that is,
It follows that ν 2f ( (2) . From Theorem 2.1 we deduce that g(x) = lim
To show that g is a solution for the Jensen equation, it suffices to prove that the mapping g is Cauchy additive. We have:
The first three terms on the right-hand side of the above inequality tend to 1 as n → ∞. Also, let us note from (3.5) it immediately follows by induction on n that Φ 1 2 n x,
Then, by using (3.7), we obtain
From (3.9) we deduce that the fourth term also tends to 1 when n tends to ∞, concluding that g is additive.
In what follows we obtain similar results on the stability of cubic, quadratic and quartic functional equations. 
for all x, y ∈ X, (3.11) and
then there is a unique cubic mapping g : X → Y such that
for all x ∈ X, t > 0, (3.13) where (1/16) .
P r o o f. By setting y = 0 in (3.11), we obtain
for all x ∈ X, whence
) , for all x ∈ X, t > 0.
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. By Theorem 2.1 it follows the existence of a unique mapping g : X → Y such that g(2x) = 8g(x), for all x ∈ X and
The proof of the fact that g is a cubic mapping is similar to the proof of linearity in the preceding theorem.
In a similar way we can obtain stability results for the quadratic and the quartic functional equations, which are stated in the following. 
for all x, y ∈ X, and
where (1/4) .
where G(x, t) := Φ x,x t/ϕ( 
Particular cases
For concrete choices of ϕ, Φ or ν, one can obtain stability theorems for different functional equations in random normed spaces or in linear normed spaces.
Ì ÓÖ Ñ 4.1º Let X be a real linear space, (Y, ν, T M ) be a complete probabilistic normed space and Φ be a mapping from X 2 to D + such that, for some
Then there exists a unique additive mapping
P r o o f. The conclusion follows by considering ϕ(α) = |α| in Theorem 3.1 (we note that in this case 
for all x ∈ X and t > 0.
P r o o f. Consider the mapping Φ :
and lim 
for all x, y ∈ X, then there exists a unique additive mapping 
Suppose that f : X → Y has the properties: f (0) = 0 and ν f (2x+y)+f (2x−y)−2f (x+y)−2f (x−y)−12f (x) (t) ≥ Φ x,y (t) (x, y ∈ X, t > 0).
Then there exists a unique cubic mapping
P r o o f. The conclusion follows by considering ϕ(α) = |α| in Theorem 3.2 (we note that in this case 
It is immediate that 0 < 8 < ϕ (8) , Φ 2x,2y (αt) ≥ Φ x,y (t) (x, y, z ∈ X, t > 0) and lim 
